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a b s t r a c t
A simple graph G admits an H-covering if every edge in E(G) belongs to a subgraph of G
isomorphic to H . The graph G is said to be H-magic if there exists a bijection f : V (G) ∪
E(G) → {1, 2, 3, . . . , |V (G) ∪ E(G)|} such that for every subgraph H ′ of G isomorphic to
H ,
∑
v∈V (H ′) f (v) +
∑
e∈E(H ′) f (e) is constant. G is said to be H-supermagic if f (V (G)) ={1, 2, 3, . . . , |V (G)|}. In this paper, we study cycle-supermagic labelings of chain graphs,
fans, triangle ladders, graphs obtained by joining a star K1,n with one isolated vertex, grids,
and books. Also, we study Pt -(super)magic labelings of cycles.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
We consider finite and simple graphs. The vertex and edge sets of a graph G are denoted by V (G) and E(G), respectively.
Let H be a graph. An edge-covering of G is a family of subgraphs H1, . . . ,Hk such that each edge of E(G) belongs to at least
one of the subgraphs Hi, 1 ≤ i ≤ k. Then it is said that G admits an (H1, . . . ,Hk)-(edge) covering. If every Hi is isomorphic
to a given graph H , then G admits an H-covering. Suppose G admits an H-covering. A total labeling f : V (G) ∪ E(G) →
{1, 2, 3, . . . , |V (G) ∪ E(G)|} is called an H-magic labeling of G if there exists a positive integer kf (called themagic constant)
such that for every subgraphH ′ ofG isomorphic toH ,
∑
v∈V (H ′) f (v)+
∑
e∈E(H ′) f (e) = kf . A graph that admits such a labeling
is called H-magic. An H-magic labeling f is called an H-supermagic labeling if f (V (G)) = {1, 2, 3, . . . , |V (G)|}. A graph that
admits an H-supermagic labeling is called H-supermagic. The sum of all vertex and edge labels on H (under a labeling f ) is
denoted by
∑
f (H).
In Fig. 1(a) and (b), we show C3-magic and C3-supermagic labelings of the wheelW4, respectively.
The H-supermagic labeling was first introduced and studied by Gutiérrez and Lladó [6] in 2005. They proved that some
classes of connected graphs are H-supermagic, such as the star K1,n, and the complete bipartite graphs Kn,m are K1,h-
supermagic for some h. They also proved that the path Pn and the cycle Cn are Ph-supermagic for some h. In 2007, Lladó
and Moragas [9] studied some Cn-supermagic graphs. They proved that the wheelWn, the windmillW (r, k), and the prism
Cn × P2 are Ch-supermagic for some h. Ph-supermagic labelings of some classes of trees such as the subdivision of stars,
shrubs, and banana tree graphs can be found in [10].
For H ∼= K2, an H-supermagic graph is also called a super-edge-magic graph. The notion of a super-edge-magic graph was
introduced by Enomoto et al. [4] as a particular type of edge-magic graph given by Rosa [7]. There are many graphs that
have been proved to be (super-)edge-magic graphs; see for instance [13,11,12,14]. For further information about (super-
)edge-magic graphs, see [5]. The H-magic labeling is related to a face-magic labeling of a plane graph introduced by Lih [8].
A labeling of type (1, 1, 0) (i.e. a total labeling) of a plane graph is said to be face-magic if for every positive integer s, all
s-sided faces have the same weight. The weight of a face under a labeling of type (1, 1, 0) is the sum of labels carried by
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Fig. 1. (a) A C3-magic labeling ofW4 . (b) A C3-supermagic labeling ofW4 .
the edges and vertices surrounding it. Lih [8] allows different weights for different s. When a plane graph G contains only
n-sided faces, then face-magic labeling of G is also Cn-magic labeling.
In this paper, we study H-supermagic labelings of some classes of connected graphs such as chain graphs, fans, triangle
ladders, graphs obtained by joining of a star K1,n with one isolated vertex, grids, and books.
2. Main results
2.1. Cn-supermagic graphs
By a block of a graph we mean a maximal subgraph with no cut-vertex. Following [3], we define a block–cut-vertex graph
of a graph G as a graph H where vertices of H are blocks and cut-vertices in G and two vertices are adjacent in H if and only
if one vertex is a block in G and the other is a cut-vertex in G belonging to the block.
Barrientos [2] defines a chain graph as a graph with blocks B1, B2, B3, . . . , Bk such that for every i, Bi and Bi+1 have a
common vertex in such a way that the block–cut-vertex graph is a path. We denote by kCn-path a chain graph with k blocks
where each block is identical and isomorphic to the cycle Cn.
Let G be a kCn-path with k ≥ 2. Let u1, u2, . . . , uk−1 be the consecutive cut-vertices of G. Let di be the distance between
ui and ui+1 in G, 1 ≤ i ≤ k − 2. The (k − 2)-tuple (d1, d2, . . . , dk−2) of integers is called the string of G. Two different
strings (d1, d2, . . . , dk−2) and (d′1, d
′
2, . . . , d
′
k−2) represent the same kCn-path if and only if the first one is the reverse of
the second one, di = d′k−2−i+1, 1 ≤ i ≤ k − 2. Since there are b n2cd
k−2
2 e self-reverse strings, the number of kCn-paths is
1
2
(
b n2cdk−2e + b n2cd
k−2
2 e
)
(see [2]). In the case of the kC3-path the unique string is (1, 1, 1, . . . , 1). The kCn-path contains nk
edges and (n− 1)k+ 1 vertices.
Some kinds of graph labelings for a kCn-path have been considered, such as graceful, α-labeling, and edge-magic
labeling [5]. In this subsection, we consider a Cn-supermagic labeling of kCn-paths. We prove that every kCn-path is Cn-
supermagic as we state in the following theorem.
Theorem 1. For any integer k ≥ 2 and n ≥ 3, the kCn-path is Cn-supermagic.
Proof. Let u1, u2, . . . , uk−1 be the consecutive cut-vertices of the kCn-path. To show that every kCn-path is a Cn-supermagic
graph, let us consider the following two cases.
Case 1: Even n
First, label every vertex in the following way.
• For 1 ≤ i ≤ k− 1, label the cut-vertex ui with i+ 1.• Label a vertex other than the cut-vertex in the first and last blocks with 1 and k+ 1, respectively.
• For 1 ≤ i ≤ k, label the next two vertices in the ith block, respectively, with 2k+ 2− i, 3k+ 2− i.
• For 1 ≤ i ≤ k, label the next n−42 vertices in the ith block, respectively, with αi + 1, αi + 2, αi + 3, . . . , αi + n−42 where
αi = 3k+ (k− i)( n−42 )+ 1.
• For 1 ≤ i ≤ k, label the n−42 remaining vertices in the ith block, respectively, with α′i + 1, α′i + 2, α′i + 3, . . . , α′i + n−42
where α′i = 3k+ (k+ i− 1)( n−42 )+ 1.
It can be checked that under this vertex labeling the sum of all vertex labels in each block is 12kn
2 − (k− 32 )n+ (k− 1).
Next, label every edge in the following way.
• For 1 ≤ i ≤ k, label the first n2 edges in the ith block, respectively, with βi + 1, βi + 2, βi + 3, . . . , βi + n2 where
βi = (n− 1)k+ n2 (i− 1)+ 1.• For 1 ≤ i ≤ k, label the last n2 edges in the ith block, respectively, with β ′i + 1, β ′i + 2, β ′i + 3, . . . , β ′i + n2 where
β ′i = (2n− 1)k− n2 i+ 1.
Under this edge labeling, the sum of all edge labels in each block is 32kn
2 − (k− 32 )n.
Case 2: Odd n
Label every vertex in the following way.
• For 1 ≤ i ≤ k− 1, label the cut-vertex ui with i+ 1.• Label a vertex other than the cut-vertex in the first and last blocks with 1 and k+ 1, respectively.
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Fig. 2. A C4-supermagic labeling of 5C4-paths with strings (1, 1, 1) and (1, 2, 1).
• For 1 ≤ i ≤ k, label one vertex in the ith block with 2k+ 2− i.
• For 1 ≤ i ≤ k, label the (n − 3) remaining vertices in the ith block with the entries in the ith column of the
following (n − 3 × k)matrix A. As we can see, for 1 ≤ i ≤ k, entries a1i, a3i, a5i, . . . , a(n−4)i and a2i, a4i, a6i, . . . , a(n−3)i,
respectively, form an arithmetic progression with the common difference 2k and the sum of all entries in each column
is 12 (n− 3)[(n+ 1)k+ 3]:
A =

2k+ 2 2k+ 3 2k+ 4 . . . 3k 3k+ 1
4k+ 1 4k 4k− 1 . . . 3k+ 3 3k+ 2
4k+ 2 4k+ 3 4k+ 4 . . . 5k 5k+ 1
6k+ 1 6k 6k− 1 . . . 5k+ 3 5k+ 2
...
...
...
. . .
...
...
(n− 5)k+ 2 (n− 5)k+ 3 (n− 5)k+ 4 . . . (n− 4)k (n− 4)k+ 1
(n− 3)k+ 1 (n− 3)k (n− 3)k− 1 . . . (n− 4)k+ 3 (n− 4)k+ 2
(n− 3)k+ 2 (n− 3)k+ 3 (n− 3)k+ 4 . . . (n− 2)k (n− 2)k+ 1
(n− 1)k+ 1 (n− 1)k (n− 1)k− 1 . . . (n− 2)k+ 3 (n− 2)k+ 2

.
Under this vertex labeling, the sum of all vertex labels in the ith block is 12 (n− 3)[(n+ 1)k+ 3]+ (2k+ 3+ i), 1 ≤ i ≤ k.
Next, for 1 ≤ i ≤ k, label every edge in the ith block with the entries in the (k+1− i)th column of the followingmatrix B.
It is easy to verify that entries b1i, b3i, b5i, . . . , bni and b2i, b4i, b6i, . . . , b(n−1)i, respectively, form an arithmetic progression
with the common difference 2k and the sum of all entries in the ith column is 12 (3n+ 1)[(n− 1)k+ 1] + (i− 1), 1 ≤ i ≤ k:
B =

(n− 1)k+ 2 (n− 1)k+ 3 (n− 1)k+ 4 . . . nk nk+ 1
(n+ 1)k+ 1 (n+ 1)k (n+ 1)k− 1 . . . nk+ 3 nk+ 2
(n+ 1)k+ 2 (n+ 1)k+ 3 (n+ 1)k+ 4 . . . (n+ 2)k (n+ 2)k+ 1
(n+ 3)k+ 1 (n+ 3)k (n+ 3)k− 1 . . . (n+ 2)k+ 3 (n+ 2)k+ 2
...
...
...
. . .
...
...
(2n− 4)k+ 1 (2n− 4)k (2n− 4)k− 1 . . . (2n− 5)k+ 3 (2n− 5)k+ 2
(2n− 4)k+ 2 (2n− 4)k+ 3 (2n− 4)k+ 4 . . . (2n− 3)k (2n− 3)k+ 1
(2n− 2)k+ 1 (2n− 2)k (2n− 2)k− 1 . . . (2n− 3)k+ 3 (2n− 3)k+ 2
(2n− 2)k+ 2 (2n− 2)k+ 3 (2n− 2)k+ 4 . . . (2n− 1)k (2n− 1)k+ 1

.
For all cases, it is clear that for every subgraph Cn of the kCn-path, the sum of all vertex and edge labels is 2kn2 − (2k −
3)n+ (k− 1). Hence, for any integer k ≥ 2 and n ≥ 3, the kCn-path is Cn-supermagic. 
As an illustration, in Fig. 2 we present a C4-supermagic labeling of 5C4-paths with strings (1, 1, 1) and (1, 2, 1).
2.2. C3- and C4-supermagic graphs
In this subsection we consider some C3- and C4-supermagic labelings of some classes of connected graphs such as fans,
triangle ladders, graphs obtained by joining of a star K1,n with one isolated vertex, grids, and books. It is clear that the first
three graphs admit a covering with C3-cycles and the last two graphs admit a covering with C4-cycles.
First, we consider C3-supermagic labelings of fans. Define the fan Fn ∼= Pn+K1 as a graphwith V (Fn) = {c, xi : 1 ≤ i ≤ n}
and E(Fn) = {xixi+1 : 1 ≤ i ≤ n − 1} ∪ {cxi : 1 ≤ i ≤ n}. In [8], Lih proved that Fn is C3-supermagic for every n except
n ≡ 2 (mod 4). Our next result shows that every fan is C3-supermagic.
Theorem 2. For any integer n ≥ 2, the fan Fn ∼= Pn + K1 is C3-supermagic.
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Proof. Define a total labeling f on Fn as follows:
f (u) =

n+ 1, if u = c,
1
2
(i+ 1), if u = xi for i ≡ 1 (mod 2),⌊
1
2
(n+ i+ 1)
⌋
, if u = xi for i ≡ 0 (mod 2),
3n+ 1− i, if u = cxi for 1 ≤ i ≤ n,
n+ 1+ i, if u = xixi+1 for 1 ≤ i ≤ n− 1.
For 1 ≤ i ≤ n − 1, let C (i)3 be the subcycle of Fn with V (C (i)3 ) = {c, xi, xi+1} and E(C (i)3 ) = {cxi, xixi+1, cxi+1}. It can be
checked that for 1 ≤ i ≤ n− 1,∑(C (i)3 ) = f (xi)+ f (xi+1)+ f (c)+ f (xixi+1)+ f (cxi)+ f (cxi+1) = b 12 (17n+ 9)c. Hence, Fn
is C3-supermagic. 
Next, we prove that the triangle ladders TLn are C3-supermagic.
Theorem 3. For any integer n ≥ 2, the triangle ladder TLn is C3-supermagic.
Proof. Let V (TLn) = {ui, vi : 1 ≤ i ≤ n} and E(TLn) = {uivi : 1 ≤ i ≤ n} ∪ {uiui+1, vivi+1, ui+1vi : 1 ≤ i ≤ n− 1}.
Define a total labeling g : V (TLn) ∪ E(TLn)→ {1, 2, . . . , 6n− 3} as follows:
g(x) =

2i− 1, if x = ui for 1 ≤ i ≤ n,
2i, if x = vi for 1 ≤ i ≤ n,
6n− 2i− 1, if x = uiui+1 for 1 ≤ i ≤ n− 1,
6n− 2i− 2, if x = vivi+1 for 1 ≤ i ≤ n− 1,
4n− 2i+ 1, if x = uivi for 1 ≤ i ≤ n,
4n− 2i, if x = ui+1vi for 1 ≤ i ≤ n− 1.
It is easy to verify that for each 1 ≤ i ≤ n− 1, g(ui)+ g(ui+1)+ g(vi)+ g(uiui+1)+ g(uivi)+ g(ui+1vi) = g(vi)+ g(vi+1)+
g(ui+1)+ g(vivi+1)+ g(ui+1vi+1)+ g(ui+1vi) = 14n. Hence, TLn is C3-supermagic. 
In the next theorem, we consider a C3-supermagic labeling of the joint of a star K1,n with one isolated vertex.
Theorem 4. For any positive integer n, G ∼= K1,n + K1 is C3-supermagic.
Proof. Let G ∼= K1,n+ K1 be a graph with V (G) = {c1, c2} ∪ {vj : 1 ≤ j ≤ n} and E(G) = {c1c2} ∪ {civj : i = 1, 2; 1 ≤ j ≤ n}.
Define a total labeling h as follows. The case of odd n:
h(x) =

i, if x = ci for i = 1, 2,
i+ 2, if x = vi for i = 1, 2, . . . , n,
n+ 3, if x = c1c2,
1
2
(3n+ 7+ 2i), if x = c1vi for i = 1, 2, . . . , n− 12 ,
1
2
(n+ 7+ 2i), if x = c1vi for i = n+ 12 ,
n+ 3
2
, . . . , n,
3n+ 4− 2i, if x = c2vi for i = 1, 2, . . . , n− 12 ,
4n+ 4− 2i, if x = c2vi for i = n+ 12 ,
n+ 3
2
, . . . , n.
The case of even n:
h(x) =

i, if x = ci for i = 1, 2,
i+ 2, if x = vi for i = 1, 2, . . . , n,
1
2
(3n+ 6), if x = c1c2,
1
2
(4n+ 7− i), if x = c1vi for i = 1, 3, . . . , n− 1,
1
2
(3n+ 6− i), if x = c1vi for i = 2, 4, . . . , n,
1
2
(5n+ 7− i), if x = c2vi for i = 1, 3, . . . , n− 1,
1
2
(6n+ 8− i), if x = c2vi for i = 2, 4, . . . , n.
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To show that h is a C3-supermagic labeling of G, let C
(i)
3 , for 1 ≤ i ≤ n, be the subcycle of G with V (C (i)3 ) = {c1, c2, vi}
and E(C (i)3 ) = {c1c2, c1vi, c2vi}. It is easy to verify that for each 1 ≤ i ≤ n,
∑
h(C (i)3 ) = 12 (11n + 31) for odd n and∑
h(C (i)3 ) = 6n+ 15 for even n. So, G is a C3-supermagic graph. 
Next, we consider C4-supermagic labelings of two classes of graphs, namely grids Pm×Pn and books Bn = K1,n×K2. From
Theorem 7 (in paper [9] of Lladó andMoragas) it follows that ladder Ln ∼= Pm× P2 and book Bn are C4-supermagic if n is odd.
Now, we prove that any book and ladder are C4-supermagic as we state in Theorems 5 and 6, respectively. In Theorem 7, we
prove that the grid Pm × Pn is C4-supermagic for n = 3, 4, 5.
Theorem 5. For any integer n ≥ 2, the book Bn is C4-supermagic.
Proof. Let
V (Bn) = {u1, u2} ∪ {vi, wi : 1 ≤ i ≤ n}
and
E(Bn) = {u1u2} ∪ {u1wi, u2vi, viwi : 1 ≤ i ≤ n}.
Label the vertices and edges of Bn in the following way:
g(x) =
{i, if x = ui for 1 ≤ i ≤ 2,
2+ i, if x = vi for 1 ≤ i ≤ n,
2n+ 3− i, if x = wi for 1 ≤ i ≤ n.
The case of odd n:
g(x) =

2n+ 3, if x = u1u2,
2n+ 3+ i, if x = u2vi for 1 ≤ i ≤ n,
5n+ 5− 2i, if x = u1wi for 1 ≤ i ≤
⌈n
2
⌉
,
6n+ 5− 2i, if x = u1wi for
⌈n
2
⌉
+ 1 ≤ i ≤ n,
1
2
(7n+ 5+ 2i), if x = viwi for 1 ≤ i ≤
⌈n
2
⌉
,
1
2
(5n+ 5+ 2i), if x = viwi for
⌈n
2
⌉
+ 1 ≤ i ≤ n.
The case of even n:
g(x) =

5
2
n+ 3, if x = u1u2,
2n+ 2+ i, if x = u2vi for 1 ≤ i ≤ n2 ,
2n+ 3+ i, if x = u2vi for n2 + 1 ≤ i ≤ n,
5n+ 5− 2i, if x = u1wi for 1 ≤ i ≤ n2 ,
6n+ 4− 2i, if x = u1wi for n2 + 1 ≤ i ≤ n,
1
2
(7n+ 6+ 2i), if x = viwi for 1 ≤ i ≤ n2 ,
1
2
(5n+ 6+ 2i), if x = viwi for n2 + 1 ≤ i ≤ n.
Let us show that g is a C4-supermagic labeling. For this, let C
(i)
4 , 1 ≤ i ≤ n, be the subcycle of Bn with V (C (i)4 ) =
{u1, u2, vi, wi} and E(C (i)4 ) = {u1u2, u2vi, u1wi, viwi}. For each 1 ≤ i ≤ n, we have g(u1) + g(u2) + g(vi) + g(wi) +
g(u1u2)+ g(u2vi)+ g(u1wi)+ g(viwi) = 12 (29n+ 43) for odd n or 15n+ 21 for even n. This completes the proof. 
Theorem 6. For any integer n ≥ 2, the ladder Lm ∼= Pm × P2 is C4-supermagic.
Proof. Let Lm ∼= Pm × P2 be a graph with V (Lm) = {ui, vi : 1 ≤ i ≤ m} and E(Lm) = {uivi : 1 ≤ i ≤ m} ∪ {uiui+1, vivi+1 :
1 ≤ i ≤ m− 1}.
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Label the vertices and edges of Lm in the following way:
f (x) =

i, if x = ui for 1 ≤ i ≤ m,
2m+ 1− i, if x = vi for 1 ≤ i ≤ m,
2m+ 3i, if x = uiui+1 for 1 ≤ i ≤ m− 1,
2m+ 3i− 1, if x = vivi+1 for 1 ≤ i ≤ m− 1,
5m+ 1− 3i, if x = uivi for 1 ≤ i ≤ m.
Clearly f is a total labeling from V (Lm) ∪ E(Lm) to {1, 2, . . . , 5m− 2}. Let C (i)4 , 1 ≤ i ≤ m− 1, be the subcycle of Lm with
V (C (i)4 ) = {ui, ui+1, vi, vi+1} and E(C (i)4 ) = {uiui+1, vivi+1, uivi, ui+1vi+1}. It can be checked that for each 1 ≤ i ≤ m − 1,∑
f (C (i)4 ) = 18m. Hence, Lm is C4-supermagic. 
To generalize the ladder Pm × P2, we can always substitute P2 with any path Pn, n ≥ 3. The resulting graph is the grid
Pm × Pn which is a graph with mn vertices and (m− 1)n+ (n− 1)m edges. In [1], Baca proved that the grid Pm × Pn has a
magic labeling of type (1, 1, 1). In the remaining subsection we consider C4-supermagic labelings of grids G ∼= Pm × Pn for
n = 3, 4, 5. First, we define G as a graph with
V (G) = {ui,j : 1 ≤ i ≤ m, 1 ≤ j ≤ n}
and
E(G) = {ui,jui+1,j : 1 ≤ i ≤ m− 1, 1 ≤ j ≤ n} ∪ {ui,jui,j+1 : 1 ≤ i ≤ m, 1 ≤ j ≤ n− 1}.
Theorem 7. For any integer m ≥ 3 and n = 3, 4, 5, the grid G ∼= Pm × Pn is C4-supermagic.
Proof. Define a total labeling h as follows:
h(ui,jui+1,j) = 2mn+ 1− (m+ n)+ i− (j− 1)(m− 1) for 1 ≤ i ≤ m− 1 and 1 ≤ j ≤ n.
The case of evenm:
h(ui,jui,j+1) =

3mn+ 1− (m+ n)− j− 1
2
(i− 1)(n− 1) for odd i and 1 ≤ j ≤ n− 1,
1
2
(5mn+ 2−m− 2n)− j− 1
2
(i− 2)(n− 1) for even i and 1 ≤ j ≤ n− 1.
The case of oddm:
h(ui,jui,j+1) =

1
2
(5mn+ 1−m− n)− j− 1
2
(i− 1)(n− 1) for odd i and 1 ≤ j ≤ n− 1,
3mn+ 1− (m+ n)− j− 1
2
(i− 2)(n− 1) for even i and 1 ≤ j ≤ n− 1.
To label the vertices of G, we consider three cases depending on the values of n.
The case of n = 3:
h(ui,1) = 2m+ 1− i for 1 ≤ i ≤ m, h(ui,2) = i for 1 ≤ i ≤ m,
h(ui,3) = 3m+ 1− i for 1 ≤ i ≤ m.
The case of n = 4:
h(ui,j) =

i+ 1
2
(j− 2)m for 1 ≤ i ≤ m and j = 2, 4,
1
2
(j+ 5)m− 1
2
(i− 1), ifm is even for odd i and j = 1, 3,
1
2
(j+ 4)m− 1
2
(i− 2), ifm is even for even i and j = 1, 3,
1
2
(j+ 4)m− 1
2
(i− 2), ifm is odd for odd i and j = 1, 3,
1
2
(j+ 5)m− 1
2
(i− 2), ifm is odd even i and j = 1, 3.
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The case of n = 5:
h(ui,j) =

1
2
(j− 2)m+ 1
2
(i+ 1) for odd i and j = 2, 4,⌈m
2
⌉
+ 1
2
(j− 2)m+ 1
2
i for even i and j = 2, 4,
1
2
(j+ 3)m+ 1
2
(i+ 1) for odd i and j = 1, 3, 5,⌈m
2
⌉
+ 1
2
(j+ 3)m+ 1
2
i for even i and j = 1, 3, 5.
Let C (i,j)4 , 1 ≤ i ≤ m− 1 and 1 ≤ j ≤ n− 1, be the subcycle of Gwith
V (C (i,j)4 ) = {ui,j, ui+1,j, ui,j+1, ui+1,j+1}
and
E(C (i,j)4 ) = {ui,jui+1,j, ui,jui,j+1, ui+1,jui+1,j+1, ui,j+1ui+1,j+1}.
It can be checked that for each 1 ≤ i ≤ m− 1 and 1 ≤ j ≤ n− 1,∑ h(C (i,j)4 ) is constant. Hence, G is C4-supermagic. 
We have not found a C4-supermagic labeling for any grid, yet. Therefore, we propose the following open problem.
Open Problem 1. Determine whether there is a C4-supermagic labeling of Pm × Pn for the remaining cases ofm and n.
2.3. Pt-supermagic graphs
In this subsection we consider some Pt-(super)magic labelings of the cycle Cn. First, we define the cycle Cn as a graph
with
V (Cn) = {xi : 1 ≤ i ≤ n} and E(Cn) = {xixi+1 : 1 ≤ i ≤ n− 1} ∪ {xnx1}.
For 1 ≤ i ≤ n, let P (i)t be the subpath of Cn with V (P (i)t ) = {xi, xi+1, . . . , xi+t−1} and E(P (i)t ) = {xixi+1, xi+1xi+2,
. . . , xi+t−2xi+t−1}. It is clear that for 1 ≤ i ≤ n, xi lies in t different subpaths and xixi+1 lies in t − 1 different subpaths.
On the basis of this fact, we have the following result which gives the necessary condition for Cn to be Pt-supermagic.
Lemma 1. If Cn is Pt-supermagic, 2 ≤ t ≤ n− 1, then n is odd.
Proof. Let Cn be Pt-supermagic with the Pt-supermagic labeling f . Then the magic constant is
kf = 1n
(
t
n∑
i=1
i+ (t − 1)
n∑
j=1
n+ j
)
= t(2n+ 1)− 1
2
(3n+ 1).
Therefore, n is an odd integer. 
In [6], Gutiérrez and Lladó, proved the following theorem.
Theorem 8 ([6]). The cycle Cn is Pt-supermagic for any 2 ≤ t ≤ n− 1 such that gcd(n, t(t − 1)) = 1.
The remaining open problem based on Gutiérrez and Lladó’s result, is the Pt-supermagic labeling of Cn for t|n or (t−1)|n.
We have tried to solve the problem, however without success. So, we propose the following open problems.
Open Problem 2. For 3 ≤ t ≤ n−1, determinewhether there is a Pt-supermagic labeling of Cn such that gcd(n, t(t−1)) 6=
1.
Also:
Open Problem 3. For 3 ≤ t ≤ n− 1, determine whether there is a Pt-magic labeling of Cn for the remaining cases of n.
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